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It was proved by M. Kuranishi [2] that any finite-dimensional semisim- 
ple Lie algebra over a field of characteristic zero is generated by two 
elements. In the present note, the minimal number of generators of the Lie 
algebra g(A) is investigated. Let us begin with the definition of g(A). 
Let A = (a,,)~~=, be a complex n x n matrix of rank 1. Let (h, ZI, ZZ” ) be a 
realization of A, i.e., h is a complex vector space, Z7= {a, ,..., cr,} c h*, 
nv = {a; )...) cc,; } c h are indexed subsets in h* and h, respectively, satisfy- 
ing the following three conditions: 
(i) both sets I7 and Z7” are linearly independent. 
(ii) (a;, CI,) =a, (i,j= l,..., n). 
(iii ) dim h = 2n - 1. 
It is known that there exists a unique to isomorphism realization for 
every n x n matrix A. First, we define a Lie algebra g(A) over @ with the 
generators e,, f, (i = l,..., n) and h and the following defining relations: 
Cei,f,l = 6i,av (i,j= l,..., n) 
[h, h’] = 0 (h,h’E 5), 
[h, ei] = (h, a,) e, (i = l,..., n; h E b) 
CM1 = -(A, a,>Ji. 
* The second author thnaks Professor 0. T. O’Meara and the University of Notre Dame 
for their hospitality in the fall semester of 1984 during which this paper was completed. 
470 
0021-8693/86 $3.00 
Copyright t,,m 1986 by Academic Press. Inc. 
All rights ol reproductmn m any form reserved. 
GENERATORS OF THE LIE ALGEBRA g(,‘i ) 471 
It is known that the natural map h + G(A) is an imbedding. Let r be the 
maximal ideal of tj(A ) which intersects h trivially. Then we set 
called the Lie algebra associated to A. Put g’(A) = [g(A), g(A)], then g’(A) 
is the subalgebra generated by (e,,fi 1 i= l,..., n> and we have 
n-l 
!w)=g’(A)+ c cc+, 
k=l 
where an”+ 1 ,..., a;” -t are elements of h such that a;” ,..., a,“, an”+ 1,..., a;,, 
form a basis of h. 
LEMMA. There exists an element h of 9 such that (h, a,), (h, -a,),..., 
(4 a,>, and (h, - .> a are P airwise distinct. If h is such an element, choose 
a=C:=l (ei+.L)+ho, where h, is an arbitrary element of Ij, then g’(A) is 
contained in the Lie subalgebra of g(A) generated by b and a. Furthermore, if 
g(A)#g’(A), the element h can be chosen not to lie in g’(A). 
Proof Since a,, -a, ,..., a,, and -01, are 2n distinct linear functions 
defined on h, there exists an element h E h such that (h, a1 ), (h, -a1 ),..., 
(h, a,), and (h, -a,) are pairwise distinct. We have 
(adh)a= i ((A, ai> e,+ (h, -a,>f;), 
;= I
(adh)‘a= f ((h, a,)2ei+ (h, -a;)‘fi), 
. . . 
(adh)2”a= i ((h,a,)*“e,+ (h-a,)‘“f,). 
;= I 
Denote the subalgebra generated by h and a by g,, then (adh) a, 
(adh)’ a,..., (adh)2”aE gl. Since 
(kal) (k -al> ‘.. (ha,) <k -a,> 
(h, al >* (h, -a,>* ... <h,a,)’ (h, -a,)* z. 2 . . . 
(h, aI >*” (h, -al)*” ... (h, a,)2n (h, -a,)2n 
e,,f;: (i= l,..., n)~g, and g’(A)cg,. 
Now suppose g(A) # g’(A). There exists a non-zero element /IE~* such 
that (a,“,/3)= ... =(a;, /I) = 0. And then there exists an element h of h 
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such that (h, cr,), (h, -al> ,..., (h, SC,,), and (II, -a,,) are pairwise dis- 
tinct and (h, /?) # 0. Clearly, h 4 g’(A). 
THEOREM. Let the complex n x n matrix A be qf rank 1. Then a necessary 
and sufficient condition for g(A) to be generated by two elements is 12 n - 2. 
Furthermore, if 1 d n - 2, then n - I is the minimal number of generators of 
g(A), i.e., g(A) can be generated by n - I elements but cannot be generated by 
Iess than n - 1 elements. 
Proof: Consider first the case rank A = n. Then g(A) = g’(A). By the 
lemma, g(A) is generated by two elements. 
Next consider the case rank A = n - 1. Then g(A) = g’(A) @I Ccr,;, , By 
the lemma there exist two elements h and a = C;= 1 (ei +f;) + a,;, , in g(A) 
such that g’(A) is contained in the subalgebra 9r generated by h and a. In 
particular, ei, fi (i= l,..., n) E g,, and it follows that c(;+ , = a- C;, , 
(ej+hfi)Egl. Thus g(A)Egl and then g(A)=g,. Therefore g(A) is 
generated by two elements h and a. 
Let us now suppose rank A = 1< n - 2. By the lemma we can choose 
h E h, h 4 g’(A) with the appropriate pan-wise distinctness. Then h, ~1; ,..., a; 
are Iinearly independent, but do not span h. Let ho E h be not a linear com- 
bination of these and let h,, h, ,..., h,-,- 2 be such that a,” ,..., a,” , h, 
ho,..., L-2 are a basis for b. Let a = C:= , (ei + fi) + h,. Then clearly h, a, 
hl,..., L-z generate g(A). This proves that g(A) can be generated by 
n - 1 elements. Furthermore, g(A)/g’(A) is abelian of dimension n - 1, so 
cannot be generated by fewer than n - 1 elements. Hence neither can g(A). 
Hence the theorem is completely proved. 
Remark. The lemma and the theorem also hold for the Lie algebra 
&A). Furthermore, if we replace @ by an arbitrary algebraically closed field 
of characteristic zero, the lemma and the theorem still hold. 
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